Abstract. Let X be the quotient of an irreducible bounded symmetric domain W by a lattice. In order to characterize algebraic correspondences on X commuting with exterior Hecke correspondences, Clozel-Ullmo studied certain germs of measure-preserving maps from ðW; 0Þ into its Cartesian products, proving that such maps are totally geodesic when dimðX Þ ¼ 1. Here we prove total geodesy when dimðWÞ f 2 by methods of analytic continuation. For B n , n f 2, total geodesy follows then from Alexander's theorem. When rankðWÞ f 2, we deduce total geodesy from Alexander-type theorems, especially from a new Alexander-type theorem involving RegðqWÞ in place of the Shilov boundary.
Introduction
In their study on commutants of Hecke correspondences, Clozel-Ullmo [CU] considered germs of holomorphic maps arising from an algebraic correspondence Y which commutes with a given Hecke correspondence defined on the quotient X :¼ W=G of an irreducible bounded symmetric domain by a torsion-free discrete group of automorphisms G H AutðWÞ. Under certain conditions on the Hecke correspondence they asked the question whether the algebraic subvariety Y H X Â X is modular in the sense that Y H X Â X is a finite sum of totally geodesic complex submanifolds which descend from the graphs of automorphisms of W. They reduced the problem first to a di¤erential-geometric problem on the characterization of germs of measure-preserving holomorphic maps f : ðW; 0Þ ! ðW; 0Þ Â Á Á Á Â ðW; 0Þ.
Specifically, given an algebraic correspondence Y H X Â X such that the general fiber of the canonical projection pr i : Y ! X i of Y to the i-th factor X i ¼ X consists of precisely d i points, i ¼ 1; 2, then at a general point x A X , pr 1 pr f 0 : ðX ; xÞ ! ðX ; x 1 Þ Â Á Á Á Â ðX ; x d 2 Þ. Lifting X locally to its universal cover W and lifting each base point to 0 A W we have equivalently f : ðW; 0Þ ! ðW; 0Þ Â Á Á Á Â ðW; 0Þ. For 1 e a e d 2 we write W a for the a-th direct factor of W d 2 , and p a : W d 2 ! W a for the canonical projection onto W a ¼ W. Let dm W stand for the volume form of the Bergman metric on W. Then, an algebraic correspondence Y H X Â X is measure-preserving if and only if for a general point x A X and for the germ of holomorphic map f : ðW; 0Þ ! ðW; 0Þ Â Á Á Á Â ðW; 0Þ defined as above, we have
W a being identified with W.
When W is the unit disk D H C, a germ of measure-preserving holomorphic map f : ðD; 0Þ ! ðD; 0Þ Â Á Á Á Â ðD; 0Þ is equivalently a holomorphic isometry where ds 2 D denotes the Bergman metric on D, i.e., the Poincaré metric on D of constant Gaussian curvature À1. In this case Clozel-Ullmo [CU] showed that Graphð f Þ H C Â C d 2 extends to an a‰ne-algebraic subvariety in C Â C d 2 , and deduced as a consequence that f is totally geodesic whenever it arises from an algebraic correspondence Y H X Â X on some finite-volume quotient X ¼ D=G. For the general problem of characterizing commutants of (a certain type of) Hecke correspondences on finite-volume quotients X ¼ W=G of irreducible bounded symmetric domains W, Clozel-Ullmo [CU] did not solve the problem on germs of measure-preserving holomorphic maps. In its place they further reduced the characterization problem for commutants to another di¤erential-geometric problem of characterizing germs of holomorphic isometries f : ðW; l ds where ds 2 W stands for the Bergman metric on W, and where in the case of dimðWÞ > 1 the normalizing constant l is a priori only known to be a positive real number. They observed that in the case where W is of rank f 2, any germ of holomorphic isometry f as above is necessarily totally geodesic as a consequence of the arguments on Hermitian metric rigidity in Mok (cf. [M1] , [M2] ), and the total geodesy of f holds true without assuming that it arises from an algebraic correspondence on some finite-volume quotient X ¼ W=G. In the remaining case of the complex unit ball W ¼ B n , n f 2, Mok [M4] proved that f is necessarily totally geodesic under the assumption that l is a positive integer. A slight modification of the arguments in [M4] yields the result also for an arbitrary normalizing constant l > 0, and this generalization has been incorporated in [M5] , §3. We note that even in the case of W ¼ B n , n f 2, the germ of map f is totally geodesic whenever it is a germ of holomorphic isometry, without further assuming that it arises from algebraic correspondences. Here as in [CU] the proof proceeds first with proving algebraic extension of Graphð f Þ, but for the proof of total geodesy of the map we made use of the functional identity on potential functions and the result of Alexander [A] characterizing automorphisms of B n of complex dimension f 2.
In this article we solve the problem of Clozel-Ullmo on the characterization of germs of measure-preserving holomorphic maps [CU] , f is totally geodesic provided that it arises from an algebraic correspondence Y H X Â X on some finite-volume quotient X ¼ D=G. Moreover, without the latter assumption, in general f need not be totally geodesic as shown by the nonstandard examples of Mok [M4] given by p-th root maps and their composites. In the current article, we prove on the other hand that for irreducible bounded symmetric domains W of dimension f 2, the germ of measure-preserving holomorphic map f : ðW; 0Þ ! ðW d 2 ; 0Þ is totally geodesic without further assumptions.
For the proof of our main results we make use of extension theorems in several complex variables. With respect to the Harish-Chandra realization W T C n as a bounded symmetric domain, it is known that the Bergman kernel Kðz; wÞ on W is a rational function in ðz; wÞ. It follows that by passing to unit sphere bundles the germ of the measure-preserving holomorphic map f : ðW; 0Þ ! ðW d 2 ; 0Þ induces a germ of CR-mappingf f between certain algebraic hypersurfaces. By curvature considerations the target algebraic hypersurface is pseudoconvex and strongly pseudoconvex at a general point. We check that, modifying the base point of the germ of map f if necessary,f f maps its base point to a strongly pseudoconvex point of the target algebraic hypersurface. As a consequence, we can apply the result of Huang [Hu] to obtain an extension of Graphð f Þ H W Â W d 2 to an a‰ne-algebraic variety V H C Â C d 2 , which may be regarded as the 'graph' of a multivalent holomorphic map F from C n into ðC n Þ d 2 . When W is the complex unit ball B n of dimension n f 2, after the step of algebraic extension we conclude our argument again by using Alexander's theorem [A] , according to which a nonconstant holomorphic map h : U b ! C n , n f 2, defined on a neighborhood U b of a boundary point b A qB n must necessarily agree with an automorphism of B n whenever hðU b X qB n Þ H qB n . The latter condition is checked for component maps F a , 1 e a e d 2 , of any local branch at a general boundary point b A qB n of the extended multivalent map F by means of the functional identity arising from the measurepreserving property. We conclude from Alexander's result [A] that F restricts to a totally geodesic holomorphic embedding F j B n : B n ! ðB n Þ d 2 . When W is of rank f 2 we make use of an analogous result due to Henkin-Tumanov [TK1] , in which automorphisms of an irreducible bounded symmetric domain W of rank f 2 are given a local characterization in terms of boundary points lying on the Shilov boundary.
In order to apply the result of Henkin-Tumanov [TK1] , we show first of all that the lifting of the bad set of the multivalent holomorphic map F on C n lies on an a‰ne-algebraic variety which necessarily avoids general points on the Shilov boundary. Furthermore, by means of the fine structure of qW (Wolf [W] ), which decomposes qW into a disjoint union of finitely many Aut 0 ðWÞ-orbits, we show that a general point b A ShðWÞ of the Shilov boundary ShðWÞ is mapped into ShðWÞ by each component map of a local branch of the multivalent extension F , thereby allowing us to apply [TK1] and to conclude the total geodesy of f : ðW; 0Þ ! ðW d 2 ; 0Þ.
In the last section we give a new Alexander-type characterization theorem for automorphisms on irreducible bounded symmetric domains W of rank f 2, where in place of the Shilov boundary as considered by Henkin-Tumanov we consider a boundary-preserving biholomorphism defined on a neighborhood of a point on the smooth locus RegðqWÞ of the boundary. We deem it natural to present the latter Alexander-type theorem as it gives an alternative argument to complete the proof of our Main Theorem in a way parallel to the rank-1 case, and the new statement and its proof could provide a useful tool in the future for the study of rigidity phenomena on irreducible bounded symmetric domains of rank f 2 related to the theme of the current article.
Acknowledgment. In relation to his works on holomorphic isometries the first of the authors would like to thank Prof. Yum-Tong Siu for his comments that extension problems on holomorphic isometries between Kähler manifolds can be studied in terms of extension of induced CR-maps on unit sphere bundles. While for holomorphic isometries there remains in general the task of analyzing the structure of degeneracies of holomorphic bisectional curvature, the same approach works out perfectly well in the study of germs of measure-preserving holomorphic maps on irreducible bounded symmetric domains, in which case the unit sphere bundles considered are weakly pseudoconvex, and the structure of the set of weakly pseudoconvex points is particularly simple. The second of the authors would like to thank Prof. Xiaojun Huang for his invitation to Rutgers University and for discussions in relation to his works on algebraic extension on CR maps which are used in the current paper.
1. Background materials and statement of results 1.1. Motivation and statement of results. Let W be an irreducible bounded symmetric domain, of complex dimension n, and G be a torsion-free discrete subgroup of AutðWÞ. Write X :¼ W=G. In the case where X is compact, by an algebraic correspondence on X we will simply mean a pure n-dimensional algebraic subvariety Y H X Â X such that the restriction to Y of the canonical projection to each of the two Cartesian factors is a finite map. When X is of finite volume with respect to the canonical measure but non-compact, we consider a non-singular projective-algebraic model X of the minimal compactification X min , and regard X H X naturally as a quasi-projective manifold. By an algebraic correspondence we will mean a pure n-dimensional quasi-projective subvariety Y H X Â X such that the restriction to Y of the canonical projection to each of the two Cartesian factors is a surjective finite proper map. The assumption that Y H X Â X is a quasi-projective subvariety means equivalently that the topological closure Y H X Â X (called the closure of Y in the sequel) is a projective-algebraic subvariety (of complex dimension n). We are going to recall the notion of measure-preserving algebraic correspondences on X ¼ W=G taken from Clozel-Ullmo [CU] . For the basic definitions we refer the reader to [CU] , §1, and the references given there.
Denote by pr i : Y ! X i the restriction to Y of the canonical projection of X Â X ! X i to the i-th factor X i ¼ X , i ¼ 1; 2, and by pr i : Y ! X i the analogue on Y . Write d i for the degree of pr i , i ¼ 1; 2. At a general point x A X , pr 1 pr À1 2 ðxÞ ¼ fx 1 ; . . . ; x d 2 g, taking inverse images of pr 2 and projecting by pr 1 we obtain a germ of holomorphic map f 0 : ðX ; xÞ ! ðX ; x 1 Þ Â Á Á Á Â ðX ; x d 2 Þ. By locally lifting X to its universal cover W with the base points identified with 0 A W we obtain a germ of holomorphic map f : ðW; 0Þ ! ðW; 0Þ Â Á Á Á Â ðW; 0Þ. For 1 e a e d 2 , we write W a for the a-th direct factor of W 
In relation to a problem of characterizing modular correspondences of X among algebraic correspondences, Clozel and Ullmo [CU] raised the following question: If an algebraic correspondence preserves the canonical measure, is the correspondence necessarily modular?
To give an a‰rmative answer to the question, it su‰ces to prove the total geodesy of a measure-preserving algebraic correspondence Y H X Â X . Let the Kähler form of ðW; ds
Now (\) can be rewritten as
where Jf a is the Jacobian matrix of f a . Clozel-Ullmo [CU] considered the special case where W is the unit disk, and they proved the following theorem. Theorem 1.1.1 (Clozel-Ullmo [CU] ). Let G H AutðDÞ be a torsion-free lattice, and X ¼ D=G be the quotient Riemann surface, X be its uniquely determined compactification to an algebraic curve. Let Y H X Â X be an algebraic correspondence on X such that the canonical projection pr i : Y ! X i , i ¼ 1; 2, is of degree d i , where X i denotes the i-th direct factor of X Â X ¼ X 1 Â X 2 . Suppose the algebraic correspondence Y H X Â X is measure- 
0Þ is a measure-preserving holomorphic map such that each f a , 1 e a e d 2 , is of maximal rank at some point. Then, d 1 ¼ d 2 and f extends to a totally geodesic holomorphic embedding f :
Here in the statement of the Main Theorem we do not assume that f arises from an algebraic correspondence, but, following the question posed in [CU] , we assume that the implicit normalizing constant l, given by d 1 , is a positive integer, and that each of the component maps f a is of maximal rank at some point, so that detðJf a Þ does not vanish identically. A holomorphic isometry between bounded symmetric domains up to normalizing constants with respect to the Bergman metric will be called nonstandard if and only if it is not totally geodesic. In Mok [M5] one of the authors has constructed nonstandard examples of holomorphic isometric (proper) embeddings of the unit disk into polydisks. For this case, holomorphic isometries are the same as measure-preserving holomorphic maps. Our Main Theorem says that, unlike the case of the unit disk D, there is no nonstandard measure-preserving holomorphic map F : W ! W d 2 whenever the irreducible bounded symmetric domain W is the complex unit ball B n of dimension n f 2 or it is of rank f 2. For holomorphic isometries arising from algebraic correspondences in the case of the unit disk, the result of Clozel-Ullmo (Theorem 1.1.1) says that the algebraic extension is forced to be totally geodesic because the algebraic extension V H D Â D d 2 is equivariant with respect to G. Combining Theorem 1.1.1 and our Main Theorem we have resolved the problem of Clozel-Ullmo [CU] on measure-preserving algebraic correspondences, as follows.
n be an irreducible bounded symmetric domain, and G H AutðWÞ be a torsion-free lattice. Write X :¼ W=G and let Y H X Â X be a measurepreserving algebraic correspondence with respect to the canonical measure dm W on W. Then, Y is necessarily a modular correspondence.
From Clozel-Ullmo [CU] , Sections 2 and 3, and in the terminology used there, Theorem 1.1.2 implies a characterization of algebraic correspondences commuting with certain modular correspondences. In the notation of Theorem 1.1.2, an irreducible modular correspondence on X is defined by an element g H AutðWÞ such that g and g À1 Gg are commensurable. Defining i g : W ! W Â W by i g ðzÞ ¼ À z; gðzÞ Á , the irreducible modular correspondence associated to g is given by S g ¼ p À i g ðWÞ Á , where p : W Â W ! X Â X is the canonical projection. Following [CU] , S g will be called an interior modular correspondence (correspondance intérieure) if the subgroup generated by G and g in AutðWÞ is discrete, and called an exterior modular correspondence (correspondance extérieure) otherwise. Finally, a modular correspondence is by definition a finite sum of irreducible modular correspondences. From Theorem 1.1.2 here and the proofs of [CU] , Theorems 2.10 and 3.8 (for the case of the unit disk resp. the case of rank f 2), it follows that the latter results hold also in the case where W is of rank 1 and of dimension f 2. In other words, we have Corollary 1.1.1. Let W T C n be an irreducible bounded symmetric domain and identify AutðWÞ as a linear algebraic group G defined over Q. Let G H AutðWÞ be a torsion-free lattice which is a congruence subgroup of G and write X :¼ W=G. Let S g H X Â X be an exterior modular correspondence defined by g, where g is a rational point in G. Suppose Y H X Â X is an algebraic correspondence which commutes with S g . Then, Y is necessarily a modular correspondence.
1.2. Algebraic extension of germs of measure-preserving holomorphic maps. Denote by d i , i ¼ 1; 2, the degree of the canonical projection of Y onto the i-th factor. To prove the Main Theorem, we first establish the algebraic extension of the holomorphic map f : U ! W d 2 induced by Y , where U is some open neighborhood of 0 A W. Equivalently, we consider f as a germ of holomorphic map at 0, written as f : ðW; 0Þ ! ðW; 0Þ d 2 . In the sequel we will make no distinction between a germ of map and a representative of the germ of map, thus in the latter interpretation for f it is understood that f refers to a map on some open neighborhood U of 0, and Graphð f Þ both refers to the germ of the graph and its representative, viz., the graph of f over U.
Consider the anti-canonical line bundle L of W equipped with the Hermitian metric g ¼ detðg ij Þ, then ðL; gÞ is a negative line bundle because À ffiffiffiffiffiffi ffi À1 plog g ¼ RicðW; oÞ which is negative definite. Let p a : W d 2 ! W be the canonical projection onto the a-th factor and write
g a be the direct sum of L a equipped with the product metric. It then follows that ðL; gÞ is a seminegative Hermitian holomorphic vector bundle in the sense of Gri‰ths.
Write the canonical coordinates in L and L as ðz 1 ; . . . ; z n ; uÞ and ðz
respectively. Then the unit sphere bundles S L and S L of ðL; d 1 gÞ and ðL; gÞ are respectively defined by the equations
Now by considering the derivative of f on the tangent bundle of W, we obtain an induced locally defined mapf f : V H ðL; d 1 gÞ ! ðL; gÞ given bỹ
We will make use of the following theorem of Huang. Theorem 1.2.1 (Huang [Hu] ). Let M 1 H C m and M 2 H C mþk be real algebraic hypersurfaces with m > 1 and k f 0. Let p A M 1 be a strongly pseudoconvex point. Suppose that h is a holomorphic mapping from a neighborhood U p of p to C mþk so that hðU p X M 1 Þ H M 2 and hðpÞ is also a strongly pseudoconvex point, then h is algebraic.
In [Hu] , h is said to be algebraic if each of its component function satisfies a nontrivial algebraic equation. For our purpose, we will take another equivalent definition, viz., h is algebraic if and only if GraphðhÞ is contained in an irreducible a‰ne-algebraic variety of the same dimension, i.e., of dimension m. Theorem 1.2.1 is the Main Theorem of Huang [Hu] . In the original version of the theorem, M 1 and M 2 are assumed to be strongly pseudoconvex real-algebraic hypersurfaces and h is defined on a neighborhood of M 1 such that hðM 1 Þ H M 2 . However, we note that the proof is local in nature, and the assumptions can be slightly relaxed as stated here in the theorem.
To prove the algebraicity of f : U ! W d 2 in our situation, we first need two lemmas. In what follows on C n we write Next, in order to apply the result of Huang (Theorem 1.2.1) on extension of CR-maps between real-algebraic hypersurfaces, we have to check the condition of strong pseudoconvexity. For a Hermitian holomorphic vector bundle ðE; hÞ on a domain D, we denote by Y ¼ Y E; h the associated EndðEÞ-valued curvature ð1; 1Þ form. At each point z A D, the tensor Y z ¼ YðzÞ can equivalently be considered as a Hermitian bilinear pairing Q z on E z n T 0; 1 z . Then, ðE; hÞ is of strictly negative curvature in the dual sense of Nakano if and only if Q z < 0 at each point z A D. For the purpose of checking the condition of strong pseudoconvexity we have Lemma 1.2.2. Let ðE; hÞ be a Hermitian vector bundle holomorphic of rank r on a domain D H C n with the Hermitian metric h. Let S E be the unit sphere bundle of E. If ðE; hÞ is seminegative in the sense of Gri‰ths, then S E is a pseudoconvex real hypersurface in C rþn . Furthermore, if ðz; vÞ A S E is a weakly pseudoconvex point, then there exists some non-zero vector x A T 1; 0 z D such that Q z ðv n x; v n xÞ ¼ 0. In particular, if ðE; hÞ is strictly negative in the sense of Gri‰ths, then S E is strongly pseudoconvex. 
5: ð1Þ
On the other hand, the curvature tensor at z is given by
Thus, given a ð1;
By definition, ðE; hÞ is seminegative in the sense of Gri‰ths at 0 if and only if P m; n; i; j
and it follows from (3) that the Levi form ffiffiffiffiffiffi ffi À1 p qqj is semipositive on S E if and only if Q z ðv n x; v n xÞ e 0 for any v A E z , x A T 1; 0 z . Moreover, it is strictly positive at ðz; vÞ, v 3 0, unless there exists some nonzero
as desired. r Since ðL; d 1 gÞ is a (strictly) negative line bundle, S L is a strongly pseudoconvex realalgebraic hypersurface in C nþ1 as g is rational for the Bergman metric. On the other hand, ðL; gÞ is seminegative in the sense of Gri‰ths, so we only know that S L is a pseudoconvex real-algebraic hypersurface in C d 2 ðnþ1Þ . In order to apply Theorem 1.2.1, we need to show thatf f maps some point in S L to a strongly pseudoconvex point in S L .
From the definition of ðL; gÞ, we see that the weakly pseudoconvex points on S L are those where at least one of the components u a vanishes, where ðu 1 ; . . . ; u d 2 Þ are the canonical fiber coordinates on L. Since none of the component maps of f is degenerate, the set
By the definition off f as in (K) in the first paragraph of Section 1.2, it follows thatf f maps some point in S L to a strongly pseudoconvex point in S L . Therefore, by Theorem 1.2.1, 
From Proposition 1.2.1 we deduce readily Proposition 1.2.2. Let W T C n be an irreducible bounded symmetric domain in its Harish-Chandra realization. Denote by dm W the canonical measure on W given by the volume form of its Bergman metric.
0Þ be a germ of measure-preserving holomorphic map. Then, there exists an a‰ne-algebraic subvariety R H C n such that for any point b A qW À R, the germ of holomorphic map f at 0 A W can be analytically continued along some continuous path g :
Denote by M the compact dual of W, so that W H C n H M gives at the same time the Harish-Chandra embedding W H C n and the Borel embedding W H M. The compactification C n H M is birational to the standard compactification C n H P n . As a consequence, the topological closure
Let S H V be the union of the singular locus of V , the subset of RegðV Þ consisting of points where p 0 fails to be a local biholomorphism, and the set of points w A V such that p a ðwÞ A M À C n for one of the canonical projections p a : V ! M, 1 e a e d 2 , onto the a-th direct factor of M d 2 . Then S H V is a projective subvariety such that each irreducible component is of complex dimension at most n À 1. By the Proper Mapping Theorem, E : To proceed we will make use of the real-analytic functional identity satisfied by f and study boundary behavior of component maps f a , 1 e a e d 2 , of the holomorphic map, still denoted by f , obtained by analytic continuation along continuous paths on W À R. By means of algebraic extension and the functional identity, we will obtain holomorphic maps defined on open neighborhoods of a general boundary point which preserve the boundary, and we will need to make use of the extension results due to Alexander [A] in the rank-1 case, and due to Henkin-Tumanov [TK1] in the case where W is of rank f 2. We start with the rank-1 case.
Theorem 2.1.1 (Alexander [A] ). Let B n T C n be the complex unit ball of dimension n f 2. Let b A qB n , U b be a connected open neighborhood of b in C n , and f : U b ! C n be a nonconstant holomorphic map such that f ðU b X qB n Þ H qB n . Then, there exists an automorphism F :
Using the result on the algebraic extension of the germ of graph of a measurepreserving map as given in Proposition 1.2.1 and Theorem 2.1.1 (Alexander's theorem) we are now ready to prove the Main Theorem in the rank-1 case, i.e., for the complex unit ball B n , n f 2.
Proof of the Main Theorem in the case of B n , n f 2. Recall that for an irreducible bounded symmetric domain W T C n in its Harish-Chandra realization, for some constant c n > 0. Hence, by (1)
Let b A qB n À R where R k C n is the a‰ne-algebraic subvariety as in the statement of Proposition 1.2.2. Then f : U ! W d 2 can be analytically continued along some continuous path on W À R reaching b to give a holomorphic mapping on a neighborhood U b of b, still to be denoted
n relatively compact in U b , applying the functional equation (2) to f j U b XB n and comparing the two sides near points on U b X qB n , we conclude that for some f a , say f 1 , we must have j f 1 ðb 0 Þj ¼ 1 for any b 0 A U b X qB n , i.e., f 1 ðU b X qB n Þ H qB n . When n f 2, by Alexander's theorem [A] as stated here in Theorem 2.1.1, f 1 j U b XB n extends to an automorphism of B n . Since an automorphism preserves the volume form of the Bergman metric, we have det
and it follows from equation (2) that
If d 1 À 1 > 0 the same argument can be repeated, and we conclude by induction that there are exactly d 1 of the components f a such that f a ðU b X B n Þ H qB n , say those f a for which 1 e a e d 1 . What remains gives
The possibility d 1 < d 2 plainly cannot occur because each of the component maps f a is assumed to be of maximal rank at some point, and the same property must be propagated by analytic continuation to U b , showing that each of the Jacobian determinants det À Jf a ðzÞ Á , 1 e a e d 2 , is not identically 0 on U b . We have thus established in the rank-1 case, where 
Remarks. The result of Khenkin-Tumanov [TK1] is stated in the general form for Cartesian products of irreducible bounded symmetric domains of complex dimension f 2, and a complete proof is given there for irreducible classical domains of Type-I. A simplification of the proof in the latter case is given in Khenkin-Tumanov [TK2] , §4, based on the use of geometric structures defined by irreducible Hermitian symmetric spaces of the compact type of rank f 2. (The work of Goncharov [G] was cited in [TK2] , but the result needed was first due to Ochiai [O] .) The scheme of proof in [TK1] together with the simplification as given in [TK2] applies to yield Theorem 2.2.1.
Imitating the proof of the Main Theorem in the rank-1 case, we need to show that there exists some point b on ShðWÞ such that the germ of holomorphic mapping f ¼ ð f 1 ; . . . ; f d 2 Þ : ðW; 0Þ ! ðW; 0Þ Â Á Á Á Â ðW; 0Þ can be analytically continued along a continuous path in W to a neighborhood of b A C n , and such that, with respect to any choice of analytic continuation of f to U b , one of the components of the mapping, say Proof. In the notation of the proof of Proposition 1.2.2, the a‰ne-algebraic variety R k C n is exactly the common zero set of a finite number of polynomials fh 1 ; . . . ; h l g. By the property of the Shilov boundary, given any continuous function s : W ! C such that sj W is holomorphic, the maximum of the moduli fjsðxÞj : x A Wg is precisely attained on the Shilov boundary. If ShðWÞ were contained in R, then the maximum modulus of each of the defining functions h i , 1 e i e l, would have to be 0, and hence h i 1 0 on C n , a plain contradiction. Thus, ShðWÞ À R 3 j, as desired. r For the proof of the Main Theorem we need some structure theory about bounded symmetric domains regarding maximal polydisks and Harish-Chandra realizations. Let W be an irreducible bounded symmetric domain. Write G for the identity component of the group AutðWÞ of biholomorphic automorphisms of W, and K H G for the isotropy subgroup at the origin 0 A W. Denote by g the Lie algebra of G, and by k the Lie algebra of K. With respect to the involution at 0 ¼ eK of W we have the Cartan decomposition g ¼ k l m, where m is canonically identified with the real tangent space T R 0 ðWÞ at 0 ¼ eK. Equipping W with the Bergman metric, W can be identified with G=K as a Riemannian symmetric manifold. Let G C be the complexification of G, K C H G be the complexification of K in G C , and P H G C be the maximal parabolic subgroup containing K C (as a Levi factor). Then M :¼ G=P is the rational homogeneous manifold which is the underlying complex manifold of the Hermitian symmetric manifold of the compact type dual to W. As a complex manifold W can be identified with an open subset of M by means of the Borel Embedding Theorem, given by the natural map G=K ,! G C =P :¼ M. Write g C for the (complex) Lie algebra of G C . The real Lie algebra g is a real form of the complex Lie algebra g C , i.e., g C ¼ g n R C. We have the Harish-Chandra decomposition For each j A D we write g j ¼ Ce j . We choose e j as in Wolf [W] , §3, as follows. Denote by ðÁ ; ÁÞ the restriction of the Killing form B of g C to the complexified Cartan subalgebra h C , and by the same symbol the induced bilinear form on the dual space ðh ? Þ C . For j A D we define h j A ih by the relation 2jðhÞ ¼ ðj; jÞðh j ; hÞ for every h A h. We choose now root vectors e j A g j subject to the normalization e Àj ¼ e j , ½e j ; e Àj ¼ h j , where conjugation in g C is taken with respect to the real structure given by g H g C .
Regarding G=K as an open subset of M by the Borel embedding, the mapping
n is the Harish-Chandra embedding. Enumerating the positive noncompact roots as
and identifying a point z ¼ z 1 e j 1 þ Á Á Á þ z n e j n with ðz 1 ; . . . ; z n Þ, we have obtained the Harish-Chandra realization W T C n , and we will refer to ðz 1 ; . . . ; z n Þ as the HarishChandra coordinates.
Maximal polydisks P H W can be constructed as follows. Two roots j 1 ; j 2 A D are said to be strongly orthogonal if and only if neither j 1 þ j 2 nor j 1 À j 2 is a root. When j 1 and j 2 are positive roots, j 1 þ j 2 is never a root. Let C H D þ 0 be a maximal set of mutually strongly orthogonal positive noncompact roots. C consists of precisely r elements, C ¼ fc 1 ; . . . ; c r g, where r denotes the rank of W as a Hermitian symmetric manifold. For each c A C, the real 3-dimensional vector space
gives a Lie algebra isomorphic to suð1; 1Þ, and Q c :¼ expðq c Þ H G gives a Lie group isomorphic to SUð1; 1Þ=fGI g such that the orbit of 0 A W under Q c is a minimal disk on W. The tangent space T 0 ðPÞ H T 0 ðWÞ G m þ H g C is spanned by root vectors belonging to a maximal set of strongly orthogonal noncompact positive roots. Furthermore, from the strong orthogonality condition Q C :¼ Q c 1 Â Á Á Á Â Q c r acts as a group of automorphisms on W and the orbit of 0 A W under Q C is a maximal polydisk P H W passing through the origin 0 A W. We have Theorem 2.2.2 (Polydisk Theorem, cf. Wolf [W] , p. 280). Let W be a bounded symmetric domain of rank r, equipped with an AutðWÞ-invariant Kähler metric g. Then, there exists an r-dimensional totally geodesic complex submanifold P biholomorphic to the polydisk D r . Moreover, the identity component G of the group of automorphisms AutðWÞ acts transitively on the space of all such polydisks.
A maximal strongly orthogonal set C H D þ 0 can be constructed inductively, as follows. Choose a lexicographic ordering on the set D of roots with respect to h and let c 1 :¼ m A D þ 0 be the dominant root thus defined. If a set fc 1 ; . . . ; c k g of mutually strongly orthogonal positive noncompact roots has been defined, 1 e k < r, we pick c kþ1 A D þ 0 to be the highest root with respect to the chosen lexicographic ordering among all positive noncompact roots j strongly orthogonal to each c i , 1 e i e k. This way we end up with a maximal strongly orthogonal set C H D þ 0 of cardinality equal to r ¼ rankðWÞ and a corresponding maximal polydisk P H W. In our choice of Harish-Chandra coordinates we will take j i ¼ c i for 1 e i e r, where c 1 ¼ m is the dominant root. By Wolf [W] , §3, equation (3.22), in terms of Harish-Chandra coordinates, the maximal polydisk P as constructed above is precisely the unit polydisk D r Â f0g.
Denote by BðÁ ; ÁÞ the Killing form on g C . With respect to the Cartan decomposition g ¼ k l m, the restriction Bj k on the compact semisimple Lie algebra k is negative definite, while the restriction Bj m is positive. Write g c :¼ k þ im H g C for the compact real form of g C . Let l > 0 be any positive constant and define hÁ ; Ái by ha; bi ¼ ÀlB À a; t c ðbÞ Á . Since Bj g c is negative definite, hÁ ; Ái is a Hermitian inner product with respect to the real structure defined by g c H g C , i.e., with respect to conjugation given by t c , which is invariant under K. The Harish-Chandra decomposition g C ¼ m þ l k C l m À is an orthogonal decomposition with respect to hÁ ; Ái. In terms of the conjugation t 0 ðgÞ ¼ g on g C with respect to g H g C , we have
To study the boundary of the irreducible bounded symmetric domain W T C n in its Harish-Chandra realization we will make use of the Hermann Convexity Theorem, as follows.
Theorem 2.2.3 (cf. Wolf [W] , p. 286). Let W T C n be an irreducible bounded symmetric domain in its Harish-Chandra realization. Let BðÁ ; ÁÞ be the Killing form on g C , l > 0 be any positive number, hÁ ; Ái be the Hermitian inner product on g C defined by hg; hi ¼ ÀlB À g; t c ðhÞ Á , and jgj ¼ hg; gi 1 2 . Then, the Harish-Chandra realization
, where k Á k is the Banach norm on adðgÞ defined by kadðuÞk :¼ supfkadðuÞðgÞk : g A g C ; jgj ¼ 1g. In particular, W T C n is a bounded convex domain.
In the definition kadðuÞk is in fact the operator norm of adðuÞ : g C ! g C , and is thus independent of the choice of l > 0 in the definition of hÁ ; Ái. We will not make use of the convexity but rather the more precise description of W as the unit ball with respect to a Banach norm. We have Lemma 2.2.2. Let W T C n be an irreducible bounded symmetric domain in its Harish-Chandra realization. Let P H W be a maximal polydisk passing through 0 and suppose the Harish-Chandra coordinates ðz 1 ; . . . ; z n Þ have been chosen so that the basis vectors are root vectors with respect to the Cartan subalgebra h H k, and ðz 1 ; . . . ; z r Þ are Euclidean coordinates on the maximal polydisk P H W. Then, for 1 e k e r, the function p : W ! C defined by pðzÞ ¼ z k maps W onto the unit disk D.
Proof. In the notation of Theorem 2.2.3, the restriction of hÁ ; Ái to m þ defines a Hermitian inner product on m þ . In terms of the Harish-Chandra coordinates ðz 1 ; . . . ; z n Þ as described we have P ¼ D r Â f0g H W for the maximal polydisk P.
b j e j . To prove the lemma it su‰ces to show that jaj < 1. We normalize hÁ ; Ái by choosing the constant l > 0 such that j½e m ; e m j ¼ 
Note that ½e m ; e m A ih is purely imaginary. Replacing z by e iy z, we may assume that a is purely imaginary. For j A D þ 0 distinct from 0, either ½e j ; e m is 0 or j À m A D, in which case ½e j ; e m is a generator of the root space g jÀm . The root spaces are mutually orthogonal to each other and they are orthogonal to the complexified Cartan subalgebra h C . Taking real parts it remains the case that the non-zero summands of the right-hand side of (1) space of C n . In other words, hÁ ; Ái induces the standard Euclidean metric on C n . The latter interpretation is however irrelevant to the proof.
In order to apply the result of Khenkin-Tumanov [TK1] (Theorem 2.2.1 here) to our situation of measure-preserving holomorphic maps in the higher rank case, we prove the following general result on biholomorphisms defined on a neighborhood of a point on the Shilov boundary.
Lemma 2.2.3. Let W T C n be an irreducible bounded symmetric domain in its Harish-Chandra realization, and denote by ShðWÞ its Shilov boundary. Let U H C n be a connected open set such that U X ShðWÞ 3 j. Let h : U ! C n be a biholomorphism onto an open subset of C n (regarded as a Euclidean space containing a copy of W in its HarishChandra realization) such that hðU X WÞ H W and such that hðU X qWÞ H qW. Then, h À U X ShðWÞ Á H ShðWÞ. As a consequence, there exists H A AutðWÞ such that Hj U b XW 1 h.
Proof. Each g A G 0 extends to an automorphism of the compact dual M, and as such it restricts to a homeomorphism of W mapping qW homeomorphically onto qW. By the structure of boundary components of bounded symmetric domains (cf. Wolf [W] ), qW decomposes into the union of exactly r orbits under the action of G. This can be deduced from the Polydisk Theorem, as follows. Denote by P H W, P G D r , a maximal polydisk passing through 0 defined by a maximal strongly orthogonal subset C H D . . . ; b r Þ in which exactly k of the coordinates b i are of norm 1, and exactly r À k of the coordinates b i are of norm strictly less than 1. Denote by e k the point ð1; . . . ; 1; 0; . . . ; 0Þ on qP with the first k coordinates equal to 1 and the other r À k coordinates equal to 0. Thus, if we write e i for the i-th unit vector, 1 e i e n, then e k ¼ e 1 þ Á Á Á þ e k . Now a point b A qP lies on A k if and only if it is of the form gðe k Þ for some g A AutðPÞ, noting that AutðPÞ is a semi-direct product of Aut 0 ðPÞ ¼ À AutðDÞ Á r with the permuting group S r on a set of r elements, where s A S r acts by sðz 1 ; . . . ; z r Þ ¼ ðz sð1Þ ; . . . ; z sðrÞ Þ. Now the full group AutðPÞ of automorphisms extends to automorphisms of W (cf. Wolf [W] ). Hence, given any b A qW, there exists g A G such that gðbÞ ¼ e k for some k, 1 e k e r. Furthermore, for 1 e k < l e r, e k and e l are inequivalent under the action of G. As a consequence, we have a decomposition qW ¼ E 1 W E 2 W Á Á Á W E r into the disjoint union of orbits E k :¼ Ge k . We claim:
([) Let 1 e l e r and write
We observe first of all that for 1 e k e r À 1, E kþ1 is always in the topological closure of E k , as can be seen from the action of Aut 0 ðPÞ on qP. To prove ([) we may assume that l < r and it su‰ces to show that any point b A E lþ1 cannot be a smooth point of K l . Since G acts transitively on each E k , it su‰ces to show that e lþ1 B RegðK l Þ. Suppose e lþ1 were a smooth point of K l . Then, the real tangent space T R e lþ1 ðK l Þ must contain limits of real vectors v j tangent to p j , where ðp j Þ is any sequence of points lying on E l H RegðK l Þ and converging to e lþ1 . In particular, writing z k ¼ x k þ ffiffiffiffiffiffi ffi À1 p y k as usual for 1 e k e n, the point p ¼ e l þ z l e lþ1 lies on E l whenever jz l j < 1, and the vector v ¼x lþ1 lies on
ðK l Þ. Since z lþ1 ðe lþ1 Þ ¼ 1, it follows that there exists some point b A K l such that jz lþ1 ðbÞj > 1, contradicting Lemma 2.2.2.
We proceed to prove h À U X ShðWÞ Á H ShðWÞ by induction. It su‰ces to consider the case where rankðWÞ
n is an open embedding such that hðU X qWÞ H qW, a singular point of U X qW must be mapped by h to a singular point of qW. In other words hðU X K 2 Þ H K 2 . If W is of rank 2 then K 2 ¼ E 2 ¼ ShðWÞ and we are done. If r f 3, let l be any integer such that 2 e l < r. Suppose by induction hypothesis we have hðU X K l Þ H K l . By ([), RegðK l Þ ¼ E l , i.e., SingðK l Þ ¼ K lþ1 , and exactly the same argument as above shows that hðU X K lþ1 Þ H K lþ1 . Thus, by induction we reach l ¼ r, showing that hðU X K r Þ H K r . But K r is nothing other than the Shilov boundary ShðWÞ and we have shown that h À U X ShðWÞ Á H ShðWÞ. By the theorem of KhenkinTumanov (Theorem 2.2.1 here), there exists H A AutðWÞ such that hj UXW ¼ Hj UXW , as desired. r 2.3. Proof of the Main Theorem and its consequences in the case of rank k 2. We are ready to complete the proof of the Main Theorem and Theorem 1.1.2. To start with we need the following standard fact about the Bergman kernel on bounded symmetric domains.
Lemma 2.3.1. On an irreducible bounded symmetric domain W T C n in its HarishChandra realization, denote by K W ðz; wÞ the Bergman kernel. Write j W ðzÞ :¼ K W ðz; zÞ. Then, j W ðzÞ is an unbounded exhaustion function on W.
Proof. Write n :¼ dim C ðWÞ and r :¼ rankðWÞ. In the statement of Lemma 1.2.1, we have K W ðz; wÞ ¼ 1 Qðz:wÞ , where Q is a polynomial in ðz 1 ; . . . ; z n ; w 1 ; . . . ; w n Þ such that Qðz; zÞ 3 0 whenever z A W. More precisely, Qðz; wÞ ¼ hðz; wÞ p , where hðz; wÞ is some polynomial in ðz 1 ; . . . ; z n ; w 1 ; . . . ; w n Þ and p is a positive integer, with the following property (cf. Faraut-Korányi [FK] , pp. 76-77). Let P G D r be a maximal polydisk on W passing through 0. We may choose Harish-Chandra coordinates such that P is exactly the unit polydisk D r Â f0g. For z A W, there exists g A K ¼ Aut 0 ðWÞ such that gðzÞ ¼ ða 1 ; . . . ; a r Þ A P and we have
We may normalize a 1 ; . . . ; a r , a i ¼ a i ðzÞ, so that each a i is nonnegative and we have a 1 f Á Á Á f a r f 0, and refer to À a 1 ðzÞ; . . . ; a r ðzÞ Á as the normal form of z modulo K. Then, a sequence of points ðz k Þ y k¼0 is discrete if and only if a 1 ðz k Þ ! 1 as k ! y so that hðz k ; z k Þ ! 0 as k ! y. It follows that j W ðzÞ ¼ K W ðz; zÞ is an exhaustion function, as desired. r
In order to apply the result of Khenkin-Tumanov (Theorem 2.2.1) in the case of rank f 2 in analogy to using Alexander's theorem (Theorem 2.1.1) in the rank-1 case, we need to consider topological properties concerning the structure of qW of the HarishChandra realization W T C n . More precisely, we will need the following connectedness statement.
Lemma 2.3.2. Let W T C n be an irreducible bounded symmetric domain in its Harish-Chandra realization, and denote by ShðWÞ H qW its Shilov boundary. Let p A ShðWÞ be any point on the Shilov boundary, RegðqWÞ be the smooth locus of qW, and Q Proof. We will make use of a canonical unbounded realization of the bounded symmetric domain W. By Korányi-Wolf [KW] there is a biholomorphism F :
n of the first or second kind such that FðpÞ ¼ 0, where F À1 is a Cayley transform in the terminology of [KW] . Siegel domains were defined in PyatetskiiShapiro [PS] . A Siegel domain D H C n of the first kind is a tube domain over a cone V H R n where V does not contain any a‰ne line. A Siegel domain of the second kind
is an open convex cone not containing any a‰ne line, and where F : C n 2 Â C n 2 ! C n 1 is a C n 1 -valued Hermitian form such that F ðz 2 ; z 2 Þ A V for any non-zero z 2 A C n 2 . In both cases D H C n will be referred to as a Siegel domain in the sequel. When the Siegel domain D is of the first kind, for any positive real number t the mapping a t ðzÞ ¼ tz is an automorphism of D. When D is of the second kind, the mapping a t ðz 1 ; z 2 Þ ¼ ðtz 1 ; ffiffi t p z 2 Þ is an automorphism of D. In either case a t is a complex linear map, and it extends therefore to a homeomorphism of D ¼ D W qD such that a t ðDÞ ¼ D, a t ðqDÞ ¼ qD, a t ð0Þ ¼ 0. Write W T C n H M to incorporate both the Harish-Chandra realization and the Borel embedding W H M. The inverse Cayley transform F : W ! D is the restriction to W of an automorphism of M, still to be denoted by F, where we have D H C n H M canonically. The a‰ne part Sh
[ ðDÞ H C n of the Shilov boundary ShðDÞ H M is given by
In particular, 0 A qD is a point on the Shilov boundary.
In terms of an unbounded realization F : W ! D as a Siegel domain, FðpÞ ¼ 0 we have equivalently to prove that, given any connected open neighborhood P We proceed to prove that P 0 X RegðqDÞ is path-connected, i.e., given any two points q 1 ; q 2 A P 0 X RegðqDÞ, there exists some continuous path m on P 0 X RegðqDÞ joining q 1 to q 2 . Write
2.3 the smooth locus RegðqWÞ H qW is an orbit under the identity component G 0 of AutðWÞ and it is hence connected. Thus there exists a continuous path g on qW joining b 1 to b 2 . The hypersurface
(Here qD stands for the boundary of D in C n , not in M.) For the proof of Lemma 2.3.2 in what follows without loss of generality we will assume that the irreducible bounded symmetric domain W is of rank f 2. Now H H M is of complex codimension 1, and hence L X RegðqWÞ is at least of real codimension 1 in RegðqWÞ. If the codimension is 1, then RegðqWÞ must contain some open subset of L, which is impossible since any locally closed complex submanifold lying on RegðqWÞ must be contained in a boundary component of maximal dimension on qD, and the latter are necessarily of real codimension f 3 whenever W is an irreducible bounded symmetric domain of rank f 2. Thus, L X RegðqWÞ is at least of real codimension 2, and it follows that we can choose a continuous path on RegðqWÞ À L joining b 1 to b 2 . Equivalently, we can find a continuous path n : ½0; 1 ! RegðqDÞ joining q 1 to q 2 . Choose now e > 0 su‰ciently small so that a e À nð½0; 1Þ Á H P 0 . Since RegðqDÞ is invariant under the automorphism a t , t > 0, we have a e À nð½0; 1Þ Á H P 0 X RegðqDÞ. Thus a e ðq 1 Þ is joined to a e ðq 2 Þ by a e n on P 0 X RegðqDÞ. On the other hand, a t ðq i Þ A P 0 X RegðqDÞ for 0 < t e 1, i ¼ 1; 2. Thus, for i ¼ 1; 2 the point q i is joined to a e ðq i Þ A P 0 X RegðqDÞ through a t ðq i Þ as t decreases from 1 to e. It follows that for an arbitrary pair of points q 1 ; q 2 A P 0 X RegðqDÞ, q 1 is joined to q 2 by a continuous path on P 0 X RegðqDÞ, and the latter is path-connected, hence connected, as desired. r Remarks. qW H C n is a semi-analytic subset, and as such it is locally connected [Ł] . Hence, given any open neighborhood U p H C n of p in C n , there exists some connected open neighborhood Q 0 p H qW X U p of p in qW. Lemma 2.3.2 is a topological statement, and it can also be derived from the structure of qW as a semi-analytic set and the fact that the singular locus SingðqWÞ :¼ qW À RegðqWÞ H qW is of real codimension f 2. In fact, Q 0 p X RegðqWÞ is already connected.
We are now ready to give a proof of the Main Theorem when rank f 2.
Proof of the Main Theorem for rank f 2. In the statement of the Main Theorem recall that W T C n is an irreducible bounded symmetric domain of complex dimension at least 2 in its Harish-Chandra realization, and
is a measure-preserving holomorphic map. Furthermore, in the notation of the statement of Proposition 1.2.2, for some a‰ne-algebraic variety R k C n , and for every b A qW À R the germ of holomorphic map f can be analytically continued along some continuous path in W À R to a holomorphic map into ðC n Þ d 2 defined on a neighborhood U b of b in C n . We still denote by f ¼ ð f 1 ; . . . ; f d 2 Þ such an analytic continuation on U b . By the structural equation (y) in Section 1.1 for measure-preserving holomorphic maps we have
By Lemma 2.3.1, K W ðz; zÞ ¼ 1 hðz; zÞ p is an exhaustion function. Here hðz; wÞ is a polynomial in z and w such that hðz; zÞ > 0 whenever z A W and hðz; zÞ ¼ 0 whenever z A qW. Let b A ShðWÞ À R, which is non-empty by Lemma 2.2.1. Define jðzÞ :¼ Àhðz; zÞ. Then jðzÞ < 0 for z A W and jðzÞ ¼ 0 for z A qW, so that j is an algebraic (in particular realanalytic) defining function of W T C n . Imitating the proof of the rank-1 case in Section 2.1 for B n , n f 2, we assert that one of the components f a : W ! W, say f 1 , must satisfy f 1 ðU b X qWÞ H qW, which is not altogether obvious when rankðWÞ f 2. By Lemma 2.3.2, without loss of generality we may assume that for Q b :¼ U b X qW, the intersection Q b X RegðqWÞ is connected. Write jðzÞ :¼ hðz; zÞ. From the definition of f by analytic continuation and from the functional equation (1) Proof of Theorem 1.1.2. Recall that W T C n is an irreducible bounded symmetric domain in its Harish-Chandra realization and G H AutðWÞ is a torsion-free discrete group of automorphisms such that X :¼ W=G is of finite volume with respect to the canonical measure induced by the Bergman metric ds 2 W on W. Let Y H X Â X be a measurepreserving algebraic correspondence. In the case where W ¼ D, by the result of ClozelUllmo (Theorem 1.1.1) the algebraic correspondence Y is necessarily modular. When W T C n is of complex dimension greater than 1, by the Main Theorem any germ of measure-preserving holomorphic map f :
is already totally geodesic, and Theorem 1.1.2 follows. r Proof of Corollary 1.1.1. Corollary 1.1.1 follows immediately from Theorem 1.1.2 and from the same argument as in [CU] , Theorems 2.10 and 3.8. r 2.4. From algebraic extension to total geodesy owing to G-equivariance: a di¤erential-geometric proof in the case of the Poincaré disk. To make the article more self-contained, for the proof of Theorem 1.1.2 in the case of W ¼ D we will provide an alternative argument deducing the total geodesy of f from the algebraicity of Graphð f Þ and from G-equivariance. We use a di¤erential-geometric argument by studying the boundary behavior of f . In the case of the Poincaré disk the Bergman metric is given by
, where w is the Euclidean coordinate on D.
Proof of Theorem 1.1.2 from the algebraic extension by di¤erential-geometric means. By the measure-preserving property of f ¼ ð f 1 ; . . . ; f d 2 Þ we deduce 
If we choose the point b A qD to be su‰ciently general and the open neighborhood U b to be su‰ciently small, by comparing the boundary behavior of both sides of (2) as w A U b approaches b, we conclude readily that exactly d 1 of the functions f a , say i ¼ 1; . . . ; d 1 , map boundary points to boundary points, i.e., f a ðU b X qDÞ H qD for 1 e a e d 1 , and
We may assume that f is an embedding on 
of bounded symmetric domains W, especially the foliation of the smooth locus of qW by boundary components of maximal dimension. To pass from boundary values to the mapping on U b X W we resort to the method of Mok-Tsai [MT] for the study of boundary values of holomorphic functions on irreducible bounded symmetric domains of rank f 2 by restriction to certain complex submanifolds which are product domains.
To streamline the presentation, we recall the notion of invariantly geodesic submanifolds introduced in Tsai [T] , §4. Equip W with the canonical Kähler-Einstein metric g, and M with the K-invariant Kähler-Einstein metric g c on M, so that ðW; gÞ and ðM; g c Þ form a dual pair of Hermitian symmetric spaces. In the terminology of [T] , a complex submanifold S H M is called an invariantly geodesic submanifold if and only if gðSÞ H M is totally geodesic in ðM; g c Þ for any g A G C . (Such submanifolds are completely classified in [T] , Proposition 4.6.) A complex submanifold S 0 H W will be called an invariantly geodesic submanifold if and only if gðS 0 Þ X W H W is totally geodesic in ðW; gÞ for any g A G C such that gðS 0 Þ X W 3 j. If 0 A S 0 , then it follows from the total geodesy of S 0 H W and the definition of the Harish-Chandra embedding that S 0 ¼ W X W for some complex vector subspace W H C n . From [T] , Lemma 4.3, it follows readily that S 0 H W is invariantly geodesic if and only if gðW Þ ¼ W for any g A P, where E denotes the topological closure of E in M for any subset E H M. Hence, S 0 H W is invariantly geodesic if and only if S 0 ¼ S X W for some invariantly geodesic submanifold S H M. An a‰ne-linear subspace A H C n will be called invariantly geodesic if and only if A H M is invariantly geodesic. From [T] , Lemma 4.3, any invariantly geodesic submanifold S H M such that S X C n 3 j must be of the form A for some invariantly geodesic a‰ne-linear subspace A H C n . Regarding invariantly geodesic submanifolds we have the following obvious lemma. We are now ready to give a proof of Theorem 3.1.1.
Proof of Theorem 3.1.1. Write r :¼ rankðWÞ f 2. Without loss of generality we may assume that U b is convex and that both U b X qW and its image f ðU b X qWÞ consist entirely of smooth points of qW. By the fine structure of bounded symmetric domains (cf. Wolf [W] ) in their Harish-Chandra realization, the smooth locus RegðqWÞ of qW admits a smooth foliation F by boundary components. For p A RegðqWÞ, the leaf F p of F passing through p is a maximal boundary component of qW, i.e., a boundary component of maximal complex dimension (and of rank r À 1), and the group G ¼ Aut 0 ðWÞ acts transitively on the set of such boundary components F p . Let P be a maximal polydisk on W such that b A qP. Replacing b by gðbÞ for some g A G, we may assume that P is a Euclidean polydisk D r H C r Â f0g H C n in terms of Harish-Chandra coordinates, and that b ¼ ð1; 0; . . . ; 0Þ A qP H qW.
We have P ¼ D Â D rÀ1 , where D rÀ1 is a maximal polydisk of an irreducible bounded symmetric domain W 0 of rank r À 1 lying on some complex vector subspace V H C n such that W 0 T V is the Harish-Chandra embedding. In order to apply Ochiai's result as in Theorem 3.2.1 we need to check that ½df preserves varieties of minimal rational tangents. In the case of rank equal to 2 this follows readily from the last paragraph since in that case tangents to maximal characteristic symmetric subspaces are minimal rational tangents. For arbitrary rank r f 2 we need to have a procedure of recovering minimal rational tangents from maximal characteristic symmetric subspaces, which are of rank r À 1 f 1.
There is an open neighborhood N of the identity element e in G C with the following property. For any g A N, gðW Â DÞ X ðU b X qWÞ 3 j. Then gðYÞ X U b 3 j and the same argument as above then shows that f j gðYÞXU b is a biholomorphism of gðYÞ X U b onto an open subset of a maximal characteristic symmetric subspace X g . Write On the other hand, C is the intersection of a family of maximal characteristic symmetric subspaces, and it follows that C is an open subset of an a‰ne line. By Lemma 3.3.1, C H W is an invariantly geodesic submanifold. Thus, for some n A G we have nðCÞ H P, a maximal polydisk passing through 0. As can be easily checked using the action of Aut 0 ðPÞ H G, such a geodesic submanifold can be invariantly geodesic only if it is a minimal disk, and we conclude that C H W is a minimal disk. As a conclusion, we have shown that for some non-empty connected open subset O H U b X W, we have ½df ðxÞðW x Þ H W f ðxÞ for x A O, and by Ochiai's result as given in Theorem 3.2.1 we conclude that there exists F 0 A AutðMÞ such that F 0 j U b 1 f .
It remains to check that F :¼ F 0 j W is an automorphism of W. For that purpose it su‰ces to check that the germ of F at some point x 0 A W is a germ of holomorphic isometry of ðW; gÞ. Choose x 0 A W such that for some minimal rational tangent a 0 3 0 at x 0 , we have D a 0 X U b 3 j. D a 0 is an open set of a minimal rational curve C a 0 on M such that F j C a 0 maps C a 0 biholomorphically onto a minimal rational curve C 0 H M. The image of qD a 0 under F must be a circle on the a‰ne part of C 0 G P 1 , C 0 X C n G C. Since F ðqD a 0 X U b Þ H C 0 X qW, the restriction F j D a 0 must map D a 0 isometrically onto the minimal disk C 0 X W. The analogous statement holds true for x su‰ciently close to x 0 and for a minimal rational tangent a at x su‰ciently close to a 0 in the tangent bundle T W . It follows that for x su‰ciently close to x 0 , F is an isometry when restricted to a non-empty open set of minimal disks passing through x, hence for all minimal disks passing through x by the Identity Theorem for real-analytic functions. Writing s ¼ g À F Ã g on a neighborhood O of x 0 , for x A O and for any minimal rational tangent a at x we have s aa ¼ 0. Since the set of (non-zero) minimal rational tangents at x is complex-analytic, expanding a in Taylor series at some point a 1 and polarizing the identity we conclude that s xh ¼ 0 for any x; h A W x , noting that W x H PT x ðWÞ is linearly non-degenerate. Thus the germ of F at x 0 is a germ of holomorphic isometry of ðW; gÞ at x 0 and we have F A AutðWÞ, as desired. The proof of Theorem 3.1.1 is complete. r
